We study the dynamics of an open quantum system interacting with a non-thermal bath. Here, "non-thermal" means that the bath modes do not need to have the same temperature, but they have an effective temperature distribution. We find that, when a quantum system is interacting with such a non-thermal bath far from thermal equilibrium, it is no longer proper to use any coarse-grained Markovian description for the system, even when their coupling strength is quite weak. Especially, when there is coherent transition with strong interference strength in the quantum system, the Markovian master equation would bring in a serious problem of negative probability. After we consider some proper non-Markovian corrections, the problem can be naturally resolved.
I. INTRODUCTION
The property of the bath has an critical influence to the dynamical behavior of an open quantum system. For example, common bath could give rise to decoherence-free subspace and dark state, while independent baths could not [1] [2] [3] [4] ; Squeezed baths could afford a thermal machine beyond the Carnot efficiency, which is the upper limit for canonical thermal baths [5] . These physical effects all result from the special properties of their particular baths.
When we study the dynamics of an open quantum system, we usually consider it to be interacting with a bath in thermal equilibrium, which is described by the canonical Gibbs state,
HereĤ B is the Hamiltonian of the bath and T is the temperature (we set the Boltzmann constant k B = 1). Thermal equilibrium is an idealistic physics model, and non-thermal baths also exists quite widely in realistic physical world. The different bath modes in a non-thermal bath do not have to share the same temperature T as Eq. (1), but they could have an effective temperature distribution [6] . In the studies of biology systems whose environments are usually quite complicated [7] [8] [9] , this non-thermal bath model could provide a description more close to the realistic situation.
In this paper, we study the dynamics of an open quantum system in such a non-thermal bath. We find that, if the bath state is far from thermal equilibrium, the relaxation of the bath will be quite slow. And it is no longer appropriated to use constant decay rates to describe the evolution of the open system. Due to the slow relaxation of the bath, the decay rates of the system also vary slowly, and sometimes they could even become negative. As the result, the dynamics of the open system shows typical non-Markovian features, and we cannot describe the system by a coarse-grained Markovian master equation as before, although the coupling strength between the system and the bath is very weak. This is different from most of previous studies where the non-Markovianity is usually caused by the strong system-bath coupling [10] [11] [12] [13] [14] [15] .
Especially, we are interest in the case when the quantum system has coherent transitions, also well-known as the FanoAgarwal interference [16] [17] [18] . In this case, when the coherent transition has maximum interference, the Markovian master equation would bring in a serious negative probability problem, even when the system-bath coupling strength is quite weak. Indeed, this negative probability problem resulted from the coherent transition also exists when the bath is a thermal one, but the negative value is negligibly small and it only lasts for very short time. However, when the bath is very far from thermal equilibrium, this negative probability is significantly large and exists for very long time, which is intolerable. We find that if the non-Markovian correction is taken into consideration, this negative probability problem could be naturally resolved.
This paper is organized as follows. In Sec. II, we give a brief discussion about the property of a non-thermal bath. Then we study the time-dependent evolution of a three-level system interacting with a non-thermal bath in Sec. III, and discuss the validity of the approximations made for the master equation. We will show that there will be negative probability probability when the coherent transition has maximum interference. In Sec. IV, we show that this negative probability problem can be resolve by introducing non-Markovian correction. We finally draw conclusion in Sec. V.
II. NON-THERMAL BATH
In this section, we discuss the properties of the non-thermal bath we are going to study in this paper. Usually when we study the dynamics of an open quantum system, we consider that it is coupled with a boson bath in thermal equilibrium, which is described by the thermal state
whereĤ B = ω kb † kb k is the self Hamiltonian of the boson bath, and T is the temperature. When the temperature T → 0, arXiv:1604.03091v1 [quant-ph] 11 Apr 2016
(Color online) Demonstration for the effective temperature distribution of the bath modes. A filter in front of a thermal source can be utilized to modify the effective temperature distribution, and the effective temperature for each bath mode can be measured by a photon detector.
the bath tends to the vacuum state, ρ B → |vac vac|, and there is no excitation in each boson mode. Thermal equilibrium is an idealistic physics model, and non-thermal baths widely exist in realistic world [6, 9, 19] . We should say the thermal state is a good enough physical model within certain finite space and time. For example, a simple filter in front of a thermal light source can be utilized to create a non-thermal state (Fig. 1) . The states and the energy distribution of the EM field modes on the two sides are obviously different.
Thus, we extend our requirement for the bath to be a nonthermal one, but we still assume : 1. The total bath state is a product state of each bath mode, i.e., ρ B = ρ k1 ⊗ ρ k2 ⊗ . . . 2. Each mode state ρ k has a thermal form with an effective temperature
That is, the non-thermal state of the bath we study here is
In this non-thermal state, the different bath modes have a distribution of effective temperatures {T k }, but do not need to have a constant value T . In principle, we can measure the state of each bath mode by optical tomography, and obtain a Wigner function description for each optical mode. For example, for the EM field under the non-thermal state (3), the expectation value of the Poynting vector is
whereê k is the direction of the wave vector k.Ê = −∂ tÂ , B = ∇ ×Â, andÂ is the field vector,
Here we denoteê kσ as the polarization direction [4, 20] . The Poynting vector P describes the total energy flow passing through a unit section in unit time. Each summation term in P is the photon flux of certain optical mode, which is just the quantity measured by the photon detector. Notice that in the above Poynting vector, it contains
, which is the Planck distribution. Therefore, once we measure the light intensity accepted by the photon detector, we obtain the effective temperature T k for a certain optical mode (Fig. 1) .
In the idealistic case of a thermal bath, the temperatures for each bath mode all equal to a constant value T k = T . In more realistic cases, this requirement do not need to be fulfilled, and so we obtain a distribution {T k }. If the distribution {T k } is far from a constant one, we say this non-thermal bath state is far from the thermal equilibrium.
III. DYNAMICS OF A THREE-LEVEL SYSTEM IN A NON-THERMAL BATH
A. Born-Markovian approximation
Now we study the dynamics of a three-level system weakly coupled with a non-thermal boson bath (Fig. 2) . The Hamiltonian of the system iŝ
and here we set the energy for the ground state |g to be ε g = 0.
The interaction between the system and the bath readŝ
whereB n = k g n,kbk is the collective operator of the bath, andτ − n = |g e n |,τ + n = |e n g| are the lowering and raising operator of the 3-level system associate with the transition between |g and |e n . Notice that here we have made the rotating-wave approximation (RWA) and omitted all the double creation/annihilation terms, because we consider that the interaction strength is quite weak and the RWA still applies.
The bath is modeled as a collection of boson modes,Ĥ B = k ω kb † kb k , as mentioned above. We need to derive a master equation to describe the dynamics of this 3-level system, which comes from the iteration of the von Neumann equation,
This is an exact equation in the interaction picture ofĤ S + H B , but still not easy for practical calculations. We still need some assumptions to simplify the above equation. The first one is the Born approximation, i.e., during the evolution, the total state of the open system and the bath is ρ SB (t) ρ S (t) ⊗ ρ B (0). Namely, we consider the bath is so large that the system almost cannot change bath state. Besides, the relaxation time of the bath τ B is usually much shorter than the decay time of the open system τ S , so the bath could "refresh" to its original state quickly before the |gi open system evolves [11] . Here, although the bath is a nonthermal state [Eq. (3)], we still assume the Born approximation is valid, so the above equation becomes
Notice that the first term of Eq. (8) 
Now we obtain a differential-integral equation for ρ S (t). It contains a time-nonlocal convolution term, which means, if we want to know the changing rate of ρ S (t), we need to accumulate all the information of ρ S (s ) for 0 ≤ s ≤ t, not only the instantaneous value of ρ S at t.
At this stage, we further assume that the convolution kernel in the integral, which comes from the time correlation function of the bath operators, decays so fast with t − s that only the accumulation around ρ(t − s t) dominates in the integral. Thus, from Eq. (9) we obtain
(10) This is a differential equation local in time, and here we call this approximation Markov-1. If we use the cumulant expansion method of van Kampen, also known as the timeconvolutionless (TCL) method, to derive a non-Markovian master equation, Eq. (10) is just its lowest order (TCL-2) [11] .
Usually we further extend the integral to infinity approximately, because we assumed that the time correlation functions of the bath approach to their steady values quite fast, and here we call it Markov-2. After the approximation Markov-2, we obtain
(11) This is usually the starting point for the derivation of the Markovian master equation.
The Liouville operator obtained from Markov-2 [Eq. (11)] usually does not depend on time explicitly (in Schrödinger's picture) [21, 22] , which brings us great convenience for calculation, but we should keep in mind that Markov-2 indeed ignored the precise dynamical behaviour within the bath correlation time τ B . That is, for the period 0 ≤ t τ B , the approximationˆt 0 ds ...
is indeed not quite reliable, but we just do not care about the dynamics within this short time.
B. Coherent transition and secular approximation
Starting from Markov-2 [Eq. (11)], we can obtain the following master equation in Schrödinger's picture (the details of the derivation is shown in Appendix A, see also Ref. [22] ),
where we denote the decay rates as D
J mn (ω) is the coupling spectrum, which is defined by
For a non-thermal state like Eq. (3), we haveñ
where
Notice that except the dissipation part in the master equation, we also have a correction in the unitary term [22] ,
andĤ c is not from the principal integral. Here we omitted the principal integrals in the above master equation.
From the definition of J mn (ω) [Eq. (15)], we directly obtain the property J mn (ω) = [J nm (ω)] * , and this guaranteeŝ H c =Ĥ † c . Here we have both individual spectrums J nn (ω) and cross spectrums J mn (ω) for m = n [22, 23] . The individual spectrum J nn (ω) corresponds to the decay/excitation behavior of each transition path itself, while the cross spectrum J mn (ω) (m = n) corresponds to the coherent interference between different transition paths. This effect is often called the Fano-Agarwal interference [16] . It can be proved that we always have
. Thus we define a coherence strength p(ω), so that J 12 (ω) = p(ω) · J 11 (ω)J 22 (ω), to measure the interference strength of the coherent transition. When |p(ω)| = 1, we have the maximum interference effect, while p(ω) = 0 indicates there is no interference between the two transitions. For a specific physics model, this coherence strength p(ω) can be calculated explicitly from the system-bath interaction.
It should be notice that, in the interaction picture, these coherent transition terms have time-dependent coefficients exp[±i∆ mn t] when the two levels are not degenerated ∆ mn := ε m −ε n = 0. Thus, these terms are often dropped by the secular approximation in order to directly get a Lindblad form with explicitly positive decay rates [8, 11, 24] . However, this secular approximation indeed implies that the precise evolution details within the time scale τ ∆ /∆ mn is omitted. When ∆ mn is a small value, τ ∆ is comparable with the system decay time τ S , and thus this is not a good enough approximation. Besides, from the above discussion of the cross spectrum J mn (ω), we see that these coherent transition terms do have a clear physical meaning, and they play an essential role in some physical effects like coherent population trapping and dark state, which has been well known both theoretically and experimentally [4, 16, 17] . Moreover, it was also found that these coherent transitions are closely connected with the nonequilibrium flux in some transport systems, and if they are omitted, we will obtain some unphysical results [21, 22, 24] . Therefore, the secular approximation should not be made at this stage.
In sum, in the derivation of the master equation (13), we used the Born approximation, Markov-1 and Markov-2. Usually when we talk Markovian approximation in literature, we mean Markov-1 and Markov-2 together. Now we are going to show that for the non-thermal bath case, we need to separate them apart, and indeed Markov-2 is not a good enough approximation. More importantly, we should keep in mind that the name "Markovian approximation" never promises us to give a legitimate Markovian dynamical behavior, as we will show below.
C. The problem of negative probability
Now we can use the master equation (13) to study the dynamics of the 3-level system. The influence of the nonthermal bath state is contained in the modified photon number distributionñ(ω). For simplicity, we consider a distribution Population ρ nn (t)
(Color online) Time-dependent evolution of ρS(t) in a nonthermal bath calculated from the master equation (13) . (a) The populations ρnn(t) and (b) The smallest eigenvalue of ρS(t). ρ11(t) := e1|ρS(t)|e1 become negative. Here we set ε := (ε1 + ε2)/2 ≡ 1 as the unit, and ε1 = 0.95, ε2 = 1.05. The interference strength is p = 1. The decay rate is Jmn(ε1,2) ≡ γ = 0.0005 for m, n = 1, 2. The two effective temperatures are T1 = 1, T2 = 500, which is very far from the thermal equilibrium.
as follows [ Fig. 2(b) ],
where ε := (ε 1 + ε 2 )/2 just lies in the middle between the two energy gap of the 3-level system. Due to the change of the photon number distribution, the decay rates in the master equation does not satisfy the detailed balance or micro-reversibility [25, 26] . Intuitively, if we do not consider the coherent transition induced by the cross coupling spectrum, we can regard the two excited state |e 1 and |e 2 as two independent systems immersed in two thermal baths with temperatures T 1 and T 2 respectively.
We calculate the time-dependent evolution of the 3-level system in a non-thermal bath according to the master equation (13) , and we show the result in Fig. 3 . Strikingly, if the evolutions start from the initial state |ψ 0 = (|e 1 + |e 2 )/ √ 2, the population ρ 22 (t) := e 2 |ρ S (t)|e 2 on the energy level |e 2 becomes negative, and this negative probability lasts for a very long time (Fig. 3) [7, 8] .
The diagonal terms ρ nn (t) of the density matrix means the probabilities that the system stays in this state |n at time t, and they should never be negative. The density matrix must be semi-positive at any time. Indeed this negative probability problem also exists when the bath is a thermal state. We show the evolution of the 3-level system when the bath is a thermal one (Fig. 4) . In this case, the populations in each eigen energy level are always positive during the evolution starting from |ψ 0 = (|e 1 + |e 2 )/ √ 2 as before. But if we further check the minimum eigenvalue of ρ S (t), we find that the smallest eigenvalue of ρ S (t) becomes a negative value right after the evolution begins, and quickly turns to be positive after a very short time. That means, ρ S (t) also has a negative probability in a certain basis even when the bath is a thermal state.
For the thermal bath case, this negative probability problem is not too serious, since the negative value is quite small, and it only lasts for a very short time (Fig. 4) . In the sense of the coarse-graining idea of Markovian approximation, this inaccuracy is negligible [27] . But this problem is intolerable when the bath is a non-thermal state far from equilibrium, because the negative value is significantly large and lasts for too long time (Fig. 3) .
To find the reason for this negative probability problem, we need to check the positivity condition of the master equation (13) . It was proved that for a master equation likė
starting from any legitimate density matrix ρ 0 , ρ(t) is always semi-positive at any time t, if and only if the coefficients κ mn form a non-negative Hermitian matrix [28, 29] . This equation is called the Lindblad form or GKSL form (GoriniKossakowski-Sudarshan-Lindblad). HereĤ is not required to be the self Hamiltonian of the system, and it is only required thatĤ should be a Hermitian operator. The master equation (13) has already been written in a Lindblad form, but we need to check the positivity of the decay rate matrix D for the Lindblad operators {τ
and the definition of Γ ± mn (ω) follows from Eq. (14) . To prove the positivity of D, it suffices to prove the positivity of the two block matrices D ± . It is obvious we already have Γ ± nn (ω) ≥ 0, thus we just need to check whether det D ± ≥ 0, i.e.,
In the above two examples, we assumed J nn (ε n ) = γ n , and
Therefore, if the coherent transition achieves the maximum interference p = 1, we always have det D ± ≤ 0, and the equality holds if and only ifñ(ε 1 ) =ñ(ε 2 ). That means, even for the case of a thermal bathñ(ε n ) = n p (ε n , T ), the decay matrix D always contains negative eigenvalues unless ε 1 = ε 2 or T = 0.
The negative eigenvalue of the decay matrix D implies some modes of the system have negative decay rates. This is also why the problem of negative probability appears in the master equation (13) after the approximation Markov-2. For a thermal bath state, the difference of n p (ε 1 , T ) and n p (ε 2 , T ) are quite small when ∆ 12 /T 1, thus det D ± are very small although negative, and so do the negative eigenvalues of D. But when the bath is a non-thermal state, the difference of n(ε 1 ) andñ(ε 2 ) can be very large, and that gives rise to very large negative diverging rate. Therefore, the problem of negative probability is much more serious in a non-thermal bath as mentioned in Fig. 3 .
From the determinants Eq. (22) we also notice that the decay rate matrix D is always positive if the coherence strength is lower than a upper bound,
And the larger the difference |ñ(ε 1 ) −ñ(ε 2 )| is, the smaller p c we obtain. This bound is also the limit for the validity of the Markovian master equation with coherent transition, namely, if the strength of the coherent transition is greater than this bound p c , it is no longer possible to describe the system dynamics by a homogenous Markovian master equation like Eq. (13).
IV. NON-MARKOVIAN DYNAMICS
We have seen that if the interference strength of the coherent transition is greater than the upper limit p c [Eq. (23) ], the positivity of the decay rate matrix D in the homogeneous Markovian master equation (13) is broken down, and that brings in the problem of negative probability. This problem is intolerable when the bath state is far from thermal equilibrium because the negative probability has a significantly large value and lasts for a quite long time (Fig. 3) .
However, the interference strength p(ω) of the coherent transition is determined by the properties of the physical system itself, and there is no physical law forbidding it to achieve its maximum value. Thus, now we need to answer, if a system with maximum coherent transition is immersed in a nonthermal bath, how to resolve this negative probability problem. Here we show that this problem can be cured by considering the time-dependence of the decay rates, no matter whether the bath is thermal or non-thermal. And we will see that this gives rise to non-Markovian dynamics.
A. Correlation time
First, we release the approximation Markov-2 [Eq. (11) 
Comparing with the homogeneous Markovian master equation (13), the decay rates become time-dependent now, i.e., D
does not depend on the bath state. The unitary correction termĤ c (t) is the same as Eq. (17) except the corresponding changes of Γ ± mn (ε i , t). When t → ∞, Γ ± mn (ω, t) could return to Eq. (14) exactly. The imaginary part of the above integrals contributes to a time-dependent Lamb shift which we do not consider here.
When the time dependence of the decay rates are considered, we need to choose a specific coupling spectrum J mn (ω) [Eq. (15)]. Here we use the linear spectrum J mn (ω) = λ mn ω for m, n = 1, 2 (also known as the Ohmic spectrum), with a step function Θ(Ω c − ω) as the cutoff. When the cutoff Ω c → ∞, this linear coupling spectrum could lead to white noise, namely, the noise spectrum of the bath tends to be flat [11, 15, 30] , which fits the idea of Markovian approximation more closely. For simplicity, we choose λ mn = λ for m, n = 1, 2, which also implies the interference of the coherent transition achieves the maximum p = 1. Accordingly, Γ ± mn (ω, t) equal to each other for m, n = 1, 2, and we denote as Γ ± mn (ω, t) := Γ ± (ω, t). We still start from the same initial state |ψ 0 = (|e 1 + |e 2 )/ √ 2 as before, and calculate the evolution of ρ S (t) by this time-dependent master equation (24) under the same parameters as those in Figs. 3, 4 correspondingly. We find that, no matter whether the bath is thermal or non-thermal, the populations ρ nn (t) are always positive, and so does the minimum eigenvalue of ρ S (t) (Fig. 5) . The previous negative probability problem is resolved. This result implies that the application of Markov-2 is not appropriate, which leads to the emergence of the negative probability problem as the result. The reason is, when we do the Markovian approximations as discussed in Sec. III A, we have assumed that the system decay time τ S is much shorter than the bath relaxation time τ B , but indeed this assumption is still waiting for a self-consistency examination after we obtain the master equation. Now we do this consistency examination. We calculate the time dependence of the decay rates Γ + (ε 1,2 , t) and show them in Fig. 6(a, b) . For the thermal bath, Γ + (ε 1,2 , t) quickly reach their steady values after a very short time, and then only have small oscillations around it. Therefore, it is a good enough approximation to replace Γ + (ε 1,2 , t) by their constant steady values. This is just what is done in the Markov-2 approximation.
We also see that this replacement by a constant is not good for Γ + (ε 1,2 , t) in the beginning short period. As the result, the dynamics calculated from Markov-2 is not reliable within this period even for the case of a thermal bath [see also discussion around Eq. (12)]. This is also why we have negative probability in the beginning period shown in Fig. 4 . In Markovian approximations, this short time inaccuracy is omitted based on the idea of coarse-graining, and we do notice that there Thermal bath
Non-thermal bath Negative eigen rate /ε
Time t /ε is almost no difference between Fig. 4(a) and Fig. 5(a) even quantitatively.
For the case of a non-thermal bath far from equilibrium, the evolution of Γ + (ε 1,2 , t) can be also divided into two stages. However, after the first rapid relaxation stage, the decay rates Γ + (ε 1,2 , t) still vary significantly and slowly before they approach the steady values due to the non-thermal temperature distribution. The decay rate Γ + (ε 1 , t) even becomes negative at some time. Obviously we cannot replace them simply by a constant as the case of thermal bath.
We also notice that Γ + (ε 2 , t) tends to a large value. This is because the frequency ε 2 is resonant with a bath mode with a very high effective temperature (T 2 = 500). We should remember that the relaxation time τ S of the open system is characterized by Γ ± (ε 1,2 , t). Thus, the system relaxation time τ S becomes much shorter. All these facts imply that the previous basis ansatz for Markovian approximation, τ B τ S , no longer holds for a non-thermal bath far from equilibrium, and the dynamics of the open system must be non-Markovian, even if the coupling strength between the system and the bath is very weak (λ = 0.0005).
B. Non-Markovianity
Besides the comparison of the correlation time as above, we have some more sufficient evidences to determine the nonMarkovianity of the open quantum system. The first simple non-Markovian feature is reflected in the colored noise spectrum of the bath. The noise spectrum measured by the detector is calculated from the Fourier transform of the symmetrized time correlation function of the bath operators [11, 30, 31] , i.e.,
For the thermal bath case, we haveñ(ω) = n p (ω, T ). If we use the linear spectrum J mn (ω) = λ mn ω, with the help of the expansion,
we obtain a flat noise spectrum S mn (ω) λ mn T at high temperature limit, β = T −1 → 0, i.e., S mn (ω) is a constant and does not depend on ω. This is just the white noise spectrum which leads to Markovian dynamics [11, 31] . However, if the bath has a non-trivial temperature distribution [e.g., like Eq. (18)], the noise spectrum would become S mn (ω) λ mn T (ω), which is a colored noise spectrum. That implies the emergence of non-Markovian dynamics.
There are many different approaches to determine the nonMarkovianity of a quantum process [32] . Based on the divisibility criterion of the dynamical map, it was proved that a master equation likė
gives a quantum Markovian process, if and only if the decay matrix [κ mn (t)] is semi-positive at any time t [32, 33] . Thus, we check the positivity of the decay matrix of the time-dependent master equation (24) . When we have maximum interference p = 1 and Γ ± mn (ε 1,2 , t) = Γ ± (ε 1,2 , t) as above, we can prove that the determinants of the block matrices, (30) in the decay matrix D(t) are always negative, det D ± (t) ≤ 0. That means D(t) always have one positive and one negative eigenvalue. We show the evolution of these two negative eigenvalues in Fig. 6(c, d) for both thermal/non-thermal bath cases. These eigenvalues are negligibly small in the thermal bath case, while significantly large in the non-thermal bath. For the non-thermal bath case, even the diagonal terms of D(t) themselves, Γ ± (ε 1,2 , t), could also become negative [ Fig. 6(b) ]. Therefore, even when there is no coherent transition, p = 0, it is still necessary to consider the nonMarkovian effect in a non-thermal bath. As we mentioned before, "Markovian approximation" did not promise to give a Markovian process. Therefore, we conclude that the dynamics of the open quantum system shows typical non-Markovian feature even when the system-bath coupling is very weak. It is worth noticing that in previous literatures non-Markovian dynamics is usually resulted from the ultra-strong coupling between the system and its environment [10] [11] [12] [13] [14] [15] . Different from previous studies, the non-Markovianity in our study roots from the coherent transition and the non-thermal property of the bath. Especially, the non-Markovianity is greatly enhanced by the non-thermality of the bath.
Here we need to emphasize that the above criterion for Markovian process did not include how to determine whether the time-dependent master equation (29) is complete positive, and this is still an open question [34] . Indeed, if we keep increasing the system-bath coupling strength λ or the temperature difference T 2 − T 1 in the above examples, the timedependent master equation (24) will also have the negative problem. In that case, non-Markovian corrections of higher orders are needed.
V. CONCLUSION
In this paper, we studied the dynamics of an open quantum system interacting with a non-thermal bath. We find that when the bath state is far from thermal equilibrium, the dynamics of the open quantum system becomes non-Markovian.
The noise spectrum of the non-thermal bath is not the flat one as the white noise case. As a result, the correlation functions of the non-thermal bath vary significantly for a long time during relaxation. These behaviors are no longer consistent with the Markovian master equation which is widely adopted in previous studies.
The coherent transition in the open quantum system could bring in the negative probability problem. For the thermal bath case, this problem is negligible in the sense of coarse-graining idea of Markovian approximation. But it is intolerable in a non-thermal bath, where the negative probability is large and exists for very long time. This negative probability problem can be naturally resolved after we consider non-Markovian corrections.
Different from previous studies, here even when the system is weakly coupled with the bath, we still cannot find a coarsegrained Markovian description for the open quantum system in a non-thermal bath. the non-Markovianity in our study is resulted from the coherent transition and the non-thermality of the bath. The non-Markovianity can be greatly enhanced by the non-thermality of the bath. In the above calculation, we define the coupling spectrum J mn (ω) as To derive the time-dependent master equation (24), we can change the integral upper limit in Eqs. (A1, A2, A3). Thus, we obtain Here we also omit the imaginary part, so Γ 
which is similar to Eq. (A8). We can verify that this master equation can be also written in the form of Eq. (24).
